Driven optical lattices permit the engineering of effective dynamics with well-controllable tunneling properties. We describe the realization of a tunable a Chern insulator by driving particles on a shaken hexagonal lattice with optimally designed polychromatic driving forces. Its implementation does not require shallow lattices, which favors the study of strongly-correlated phases with non-trivial topology.
an hexagonal lattice with polychromatic driving. We demonstrate how the entire topological diagram can be accessed with deep optical lattices and suitably chosen driving forces.
Driven systems can be used as quantum simulators due to the possibility to approximate their dynamics in terms of a time-independent Hamiltonian. According to Floquet theorem [30] , the time-evolution operator of a periodic Hamiltonian H(t) = H(t + T ) can be written as
where U F (t) is a T -periodic unitary and H eff defines a time-independent effective Hamiltonian. The distance between the exact dynamics induced by H(t) and the approximate dynamics U eff (t) = e −iH eff t induced by H eff is bounded ||U (t)−U eff (t)|| ≤ ||1−U † F (t)||+||1−U F (0)||. Consequently, if the unitary U F (t) is sufficiently close to the identity during an entire period, the dynamics of the system can be very well captured by U eff for all times. This condition is typically satisfied in a suitable fastdriving regime, where the driving frequency ω = 2π/T is the largest energy scale of the system. The effective Hamiltonian can then be found in a perturbative expansion H eff = H (0) eff + H (1) eff + . . . in powers of ω −1 using different methods [31] [32] [33] [34] . The lowest-order term H (0) eff corresponds to the average or static Fourier component of the Hamiltonian. Higher-order terms, on the other hand, depend on the particular choice of gauge U F (0). For convenience, we choose the gauge [35] that leads to
with the Fourier components H n = 1 T T 0 H(t)e −inωt dt. We consider spinless, non-interacting particles on a shaken hexagonal lattice described by the Hamiltonian (anti)commutator relations, and the time-dependent matrices
with energy offset ∆. The summation in Eq. (3) is performed over the positions r i of all unit cells of the hexagonal lattice, which we consider to be infinite or with periodic boundary conditions. The vectors b 1 = a( √ 3, 0) and b 2 = a 2 (− √ 3, 3) correspond to two primitive vectors that span the underlying triangular Bravais lattice, with the distance a between nearest-neighbor (NN) sites. The time-dependent rates that characterize the NN tunneling are given by g a k (t) = j 0 e iχ k (t) , with
dτ F(τ ) · a k in terms of the driving force F(t) and the real tunneling amplitudes j 0 of the undriven system. In general, the time-dependent tunneling rates depend on the direction of tunneling defined through the vectors that connect neighboring sites
) and
As theoretically expected and experimentally confirmed [8] , the dynamics of the system in a fast driving regime can be captured very well by the truncated effective Hamiltonian
Since the leading-order effective Hamiltonian is given by the average of H(t) in Eq. (3), H
eff contains the same tunneling processes as the undriven system: the on-site energies ±∆ remain invariant and the effective tunneling rates become the directionality-dependent quantities g
The first-order term H (1) eff given by Eq. (2) reads
where
with the Fourier components g
g aj (t)e −inω . The rates τ k , k = 1, 2, 3, describe effective next-nearestneighbor (NNN) tunneling processes that result from a virtual tunneling process over a neighboring site. The relative sign in h eff k between the different rates τ k and −τ k is a fundamental symmetry that is independent of the specific driving force F(t).
Due to this symmetry, the emergent NNN tunneling rates discussed above are, in general, not equivalent to those of the Haldane model [7] , where the two tunneling rates are complex conjugated with respect to each other.
Only for purely imaginary rates τ * k = −τ k , k = 1, 2, 3, do the NNN rates of the two models coincide. Consequently, it is fundamentally impossible to implement the full topological diagram of the Haldane model via lattice shaking without non-vanishing real NNN tunneling rates in the undriven system. Despite the differences between the Haldane model Hamiltonian and the effective Hamiltonian in Eq. (6), the two models share similar topological properties. As we shall later demonstrate, it is possible to find a driving force yielding isotropic tunneling rates, namely g 0 a k = j 1 and τ k = j 2 e iφ for all directions k = 1, 2, 3, where j 1 and j 2 are positive real numbers and φ is defined in the interval (−π, π]. The effective Hamiltonian can then be written in quasimomentum space as
k are the vector momentum creation and annihilation operators and
is defined in terms of the Pauli matrices σ i and
The topological diagram of this model, displaying the Chern number [5] as a functions of the Hamiltonian parameters ∆/j 2 and φ, can be readily calculated [37] and it is shown in Fig. 1 . The transition between different topological phases -indicated with a solid black line -corresponds to parameters of the Hamiltonian for which the gap between the two energy bands
closes. For comparison, we also display the analogous topological diagram of the isotropic Haldane model Hamiltonian [36] . Only for φ = ±π/2 do the two Hamiltonians coincide, consistently with the diagram in Fig. 1 .
In order to assess to what extend the entire parameter regime of the topological diagram can be realistically explored, it is necessary to correctly identify driving forces F(t) that lead to isotropic effective tunneling rates with controllable amplitudes and phase φ. Since the topological energy bands emerge as a consequence of the interplay between the NN and NNN tunneling processes, it is important that the relative effect of the NNN tunneling with respect to NN tunneling, given by the ratio j 2 /j 1 , is sufficiently large. Nevertheless, these two tunneling processes are of different orders of magnitude, since j 1 ∼ j 0 and j 2 ∼ j 2 0 /ω. As the ratio j 2 /j 1 is proportional to j 0 /ω, it could easily be increased through a decrease of the driving frequency ω. This, however, could compromise the validity of the high frequency expansion of the effective Hamiltonian. For this reason, we consider a small fixed ratio j 0 /ω to be determined according to the experimental setup and aim at finding a driving force with a set of parameters p that maximize the proportionality factor j2 j1 ω j0 between j 2 /j 1 and j 0 /ω. Since the amplitude j 2 is directly related to φ, we introduce φ = φ tg as a constraint for the maximization, where φ tg is the desired phase that we target. Additionally, j 1 should be sufficiently large with respect to the bare tunneling rate j 0 in order to avoid that the effective tunneling processes appear at the expense of slowing down the dynamics as compared to the undriven system. We therefore introduce the additional constraint j 1 /j 0 ≥ r th , where the threshold value r th can be chosen from the interval 0 ≤ r th ≤ 1.
We thus aim at finding a driving force targeting:
(ii) Controlability of the phase φ.
(iii) Enhancement of the NNN tunneling rates through the maximization
performed over a set of free driving parameters p.
For a monochromatic driving force [8, [38] [39] [40] , the effective NNN tunneling rates become purely imaginary and, thus, only the points φ = ±π/2 in Fig. 1 can be accessed. This strong limitation can be overcome by specifically designing the driving pulse to satisfy our requirements. Despite the highly non-linear dependence that the tunneling rates have on the driving force, we find analytic and τ k in terms of driving parameters by using N -dimensional Bessel functions [41] .
This allows us to identify the structure of two driving forces F + (t) and F − (t) that lead to isotropic tunneling rates independently of their free parameters [41] . Consequently, the requirement (i) above is automatically satisfied [42] , which allows the examination of the subsequent target properties. The general form of the driving forces F ± (t) containing N different frequency harmonics reads (14) with the two perpendicular vectors e 1 = (a 1 − a 2 )/ √ 3 and e 2 = −a 3 , the relative phases δ ± n = δ n ± (−1) n π/2 and the frequencies ω m = 1 4 (6m − (−1) m − 3) ω, which parametrize all positive integer multiples of ω except those that are multiples of 3ω. Because the overall phase of the driving force is irrelevant in the fast-driving regime, we choose δ 1 = 0 in the following. The remaining 2N − 1 driving parameters comprise the set p and need to be chosen so that the requirements (ii) and (iii) are satisfied.
In order to ease an experimental implementation, we consider the simplest polychromatic force with N = 2, which contains three driving parameters: A 1 , A 2 and δ 2 . We analytically find that if δ 2 = 0, ±π, the real part of τ k again vanishes, similarly to the monochromatic case. However, for δ 2 = 0, ±π and appropriate choice of driving amplitudes the entire range of phases φ ∈ (−π, π] as a function of a discrete set of target phases φtg and for two different values of r th . In polar coordinates, the radius and argument of each data point coincide with R(φtg, r th ) and φtg, respectively. Dots correspond to r th = 0.25, and crosses to r th = 0.5. The results in blue have been obtained with a driving force F+(t) and the results in orange with F−(t).
can be realized, satisfying thus the requirement (ii), as illustrated in Fig. 2 .
The maximization in the point (iii) leads to a significant enhancement of the effective NNN tunneling for any desired phase, but considerably different results are obtained depending on the phase φ tg and threshold rate r th that we target. In order to discuss this behavior, we plot in Fig. 3 the real and imaginary part of R(φ tg , r th )e iφtg for two different values of r th and for a discrete set of angles φ tg ∈ (−π, π]. Each data point is obtained with a numerical constrained optimization over the set of free parameters p = (A 1 /ω, A 2 /ω, δ 2 ). Overall, we observe two main features.
First, for a given threshold value r th , the largest values of R(φ tg , r th ) are obtained for a range of phases close to ±π/2. The lowest values correspond to phases 0 and ±π, for which effective Hamiltonian H dh is timereversal invariant. This indicates that experimentally it is easier to access the areas of the topological diagram in Eq. (1) that are near φ = ±π/2. Noteworthy, we find that for φ tg = ±π/2 the optimal solution of the twofrequency pulse reduces to a monochromatic force, i.e. A 2 = 0, independently of r th . Nonetheless, the maximum of R(φ tg , r th ) does not always correspond to φ tg = ±π/2 for a fixed r th , as can be seen in the results for r th = 0.25 in Fig. 3 .
Second, the lower the threshold value r th is for a fixed target phase φ tg , the larger R(φ tg , r th ) can be, as a larger region in the parameter space, given by the driving parameters, can be accessed (see contour lines in Fig. 2) . Thus, there is a trade-off between lower values of the threshold r th for the ratio j 1 /j 0 and higher relative enhancement j2 j1 ω j0 of NNN tunneling. It is thus advisable to choose a small value of r th , provided that it is sufficiently large so that tunneling is dominant in the dynamics of the system and processes like interaction or heating can be neglected on the time-scale on which tunneling occurs.
As a result of the maximization in Eq. (13), the set of optimal driving parameters that yield the maximum enhancement of the NNN tunneling are also obtained. We find that for all the results shown in Fig. 3 , the corresponding driving amplitudes are of a similar order of magnitude as the driving frequency, specifically |A i /ω| < 3.5, i = 1, 2. Additionally, we observe a discontinuous behavior of the optimal driving parameters as a function of φ tg , which leads to a discontinuity in R(φ tg , r th ), see r th = 0.25 results in Fig. 3 . This can be understood in terms of the constraint j 1 /j 0 > r th , which restricts the parameter space to disjoint regions, as can be seen in the contour line j 1 /j 0 = 0.25 in Fig. 2 . Depending on the targeted phase, the driving parameters might change from one region to another, yielding a discontinuity in the driving parameters and in the corresponding value of R(φ tg , r th ).
Increasing the number of frequency harmonics of the force F ± (t), more driving parameters become accessible. These additional degrees of freedom can be exploited e.g. to further increase the maximum value of R(φ tg , r th ) targeting specific phases, as we demonstrate for a driving force with N = 3 [41] .
Our results show that even a very low number of frequency components is sufficient to completely outperform the monochromatic driving and yield significant NNN tunneling rates for any phase φ. This exemplifies the fact that the usually-considered monochromatic driving can strongly limit the accessible effective dynamics and that only suitably chosen driving protocols can enable the exploration of the entire accessible dynamics. Finally, we believe that the possibility to experimentally implement the model in Eq. (9) in deep optical lattices naturally warrants further theoretical investigations, e.g. on the emergence of fractional quantum Hall effect [43] when interactions are taken into account.
We are indebted to Julian Struck, Juliette Simonet, Gregor Jotzu, Andreas Mielke and Elizabeth von Hauff for stimulating discussions or feedback on the manuscript. Financial support by the European Research Council within the project ODYCQUENT is gratefully acknowledged. This Supplemental Material is divided into three sections. In Sec. I, we introduce the mathematical tools necessary to derive analytical expressions for the tunneling rates of the effective Hamiltonian of shaken lattices. In Sec. II, we demonstrate that the driving forces introduced in Eq. (14) lead to isotropic tunneling rates. Finally, in Sec. III we provide the optimal results corresponding to a force with three Fourier components.
I. MULTIDIMENSIONAL BESSEL FUNCTIONS
The effective tunneling rates of the Hamiltonian H dh in Eq. (6) are given in terms of the Fourier components g n ai , which are defined through
with a T -periodic function χ k (t), as described in the main text. Motivated by the need of analytical expressions to target the properties described in the points (i)-(iii), we introduce multidimensional Bessel functions as a generalization of ordinary and two-dimensional Bessel functions [1] . Ordinary n-th order Bessel functions J n (a) can be defined as Fourier components of the generating function
Here, we generalize the Bessel functions introduced above and consider N -dimensional Bessel functions J 
where x = (x 1 , . . . , x N ) denotes all possible integer vectors and s = (s 1 , . . . , s N ) all integer solutions of the Diophantine (i.e. integer) equation
A linear Diophantine equation of the form in Eq. (S8) can be solved if and only if the greatest common divisor gcd(z 1 , . . . , z N ) divides n [2] . Since the driving force will always contain the fundamental driving frequency, at least one of the elements of z equals 1, which implies that Eq. (S8) can be trivially solved for all n. Without loss of generality we order the elements such that z 1 = 1. The solution of Eq. (S8) then reads
where s 2 , . . . , s N are N − 1 integer free parameters that characterize the general solution. Consequently, since z 1 = 1, N -dimensional Bessel functions can be expressed as
A numerical evaluation of N -dimensional Bessel functions can be implemented by truncating the infinite sums in Eq. (S10). Specifically, in the numeral implementation of the maximization described in the main article we examine amplitudes with magnitudes |c i | < 5, for which a truncation of |s i |, i = 1, · · · , N , up to ∼ 7 is sufficient. We find that, over a wide range of parameters, this implementation is computationally more efficient than other numerical approaches such as a Taylor series truncation of the generating function in Eq. (S3). Nonetheless, the dimension of the Bessel function rapidly becomes a limiting factor since the number of terms to evaluate grows with N . For this reason, it is convenient to work with the lowest dimension possible, which is given by the number of elements in z that are different. If a subset z of z contains the same elements, i.e. z = (z, . . . , z), then the polar parametrization
allows to express
where r ≥ 0 and c i , d i are the elements of c and d associated to z . In this manner, the dimension of z can be reduced by dim(z ) − 1. This process can be repeated until all the elements of z are different.
II. ISOTROPIC TUNNELING RATES
In this section we will demonstrate how the driving forces F ± (t) introduced in Eq. (14) lead to isotropic tunneling rates g 0 a k and τ k defined after Eq. (6) and (7), respectively. For this purpose, we shall first find analytical expressions in terms of multidimensional Bessel functions for the Fourier components g n a k of the timedependent tunneling rates in Eq. (8) .
We start by considering the force F + (t). The quantity χ k (t) introduced after Eq. (5) then reads
Following the same arguments as in the previous section, we introduce the polar representation
Importantly, since the vectors a 1 , a 2 and a 3 have the same amplitude and because the chosen relative phases δ Moreover, from Eq. (S15) we find that the directionalitydependent phases d k m can be expressed as d
where φ k denotes the angle of the vector a k with respect to e 1 and they read φ 1 = π/6, φ 2 = 5π/6 and φ 3 = 3π/2 with the convention introduced in the main text after Eq.
. Using this representation, the number of terms in Eq. (S13) is reduced from 2N to N such that
With isotropy in the undriven system, i.e. j a k = j 0 , k = 1, 2, 3, the Fourier components g n a k
can be expressed in terms of N -dimensional Bessel functions as
The directionality dependence of the Fourier components g n a k appears only in the exponential e −id k ·s of the Bessel function, see Eq. (S10). In fact, due to Eq. (S16), the only possible directionality dependence originates from
with the integer vector
From Eq. (S19), the isotropy of the nearest-neighbor tunneling rates g 0 a k directly follows. For n = 0, Eq. (S19) reduces to
Because of our choice of ω m in Eq. (14), the quantity (z m + (−1) m ) appearing in Eq. (S19) is always a multiple of 3 and thus (z m + (−1) m )/3 is an integer number. Consequently, since the phases φ k satisfy
for arbitrary integers q, we obtain that J 0 (c; d k ) and hence g 0 a k are independent of the direction k.
Finally, we will demonstrate the isotropy of the nextnearest-neighbor tunneling rates τ k by demonstrating that with the integer vectors s in Eq. (S20) and
which implies
and hence τ 1 = τ 2 = τ 3 . In order to prove Eq. (S23), expressions for e 
Eq. (S23) is then derived from Eq. (S26) by using Eq. (S22) and the relation e in(φ1−φ2) = e in(φ2−φ3) = e in(φ3−φ1) . The same result can by readily derived for F − (t) by noting that F − (t) is obtained from F + (t) with the substitution ω → −ω and δ n → −δ n .
III. OPTIMAL RESULTS WITH THREE FOURIER COMPONENTS
In the main Letter, we have shown how a suitably chosen driving force F ± (t) with two Fourier components leads to an optimized finite ratio j2 j1 ω2 j0 for any desired phase φ. Here, we demonstrate an enhancement of such ratio by increasing the number of frequencies to N = 3 and properly choosing the extra driving parameters.
A three-frequency driving force contains a set of driving parameters p = (A 1 /ω, A 2 /ω, A 3 /ω, δ 2 , δ 3 ), where A 3 and δ 3 correspond to the amplitude and phase associated to the frequency component ω 3 = 4ω. Analogously to the two-frequency results, we obtain the optimal choice of p with the constrained maximization in Eq. (13) [3] , with the target functional and constraints expressed analytically in terms of 3-dimensional Bessel functions. In Fig.  1 , we display optimal results obtained and compare them with the N = 2 results. We observe that, for the entire range of target phases φ tg except for φ tg = ±π/2, optimally chosen forces with N = 3 lead to larger values of R(φ tg , r th ) than for bichromatic driving. Moreover, similarly to the N = 2 case, we find that the optimal driving force targeting φ tg = ±π/2 corresponds to the monochromatic force, i.e. A 2 = A 3 = 0.
Remarkably, the enhancement of the effective nextnearest-neighbor tunneling as compared to the nearestneighbor tunneling, that is, the enhancement of effects of order ∼ ω −1 as compared to effects of order ∼ 1, relies on the use of a higher frequency component. This strongly suggests that the use of driving forces F ± (t) with even higher frequency harmonics, that is with N > 3, and optimally chosen driving parameters could still further improve on the value of R(φ tg , r th ). Nonetheless, our results show that already a very low number of frequency components is sufficient to significantly outperform the monochromatic driving and yield significant next-nearest-neighbor tunneling rates for any phase φ. [2] L. J. Mordell, Diophantine Equations (New York: Aca-
